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Pseudogap and Short-Range Antiferromagnetic Correlation Controlled 
Fermi Surface in Underdoped Cuprates: From Fermi Arc to Electron 

Pocket 
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Motivated by recent quantum oscillation observations in the underdoped high-temperature 
superconductors, the effect of the short-range antiferromagnetic correlations on the electronic 
properties of the short-ranged d-density wave state is investigated. At intermediate d-density 
wave correlations, the cross section of the energy dispersion at the Fermi energy consists of 
hole pockets and an electron pocket. It is argued that the electron pocket feature is smeared 
out by the effect of the short-range antiferromagnetic correlation, which could be the reason 
why any electron pockets have never been observed in the angle resolved photoemission 
experiments. The Hall resistance is calculated for the system with the electron band and 
the hole band using a finite temperature formula assuming Dirac fermion spectrum for the 
latter. It is argued that the scattering effect in the hole band should be anomalously large or 
much suppressed by superconductivity correlations and/or vortex contributions to explain 
the recent quantum oscillation observations. 
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1. Introduction 

Recent quantum oscillation observations in the longitudinal and Hall resistivities un- 
der high-magnetic fields^"'' uncovered the Fermi surface topology in the underdoped high- 
temperature superconductors. From the observed oscillation period, it is found that the Fermi 
surface consists of small pockets. Further detailed analysis of the sign change of the Hall coef- 
ficient, it was found that the negative Hall coefficient is not associated with vortices but with 
the electronic properties. Namely the small pocket should be an electron pocket.^ 

On the origin of the electron pocket, several theories have been proposed. Millis and 
Norman proposed a scenario based on a stripe order. ^ It is argued that electron pockets should 
appear for intermediate stripe correlations. Chakravarty and Kee (CK) proposed a scenario 
for an electron pocket based on the d-density wave (DDW) state. ^ For strong d-density wave 
order, the Fermi surface is arc like, whereas at moderate d-density wave order, an electron 
pocket appears around (vr, 0). CK computed the Hall coefficient based on a two band model 
including both effects of the electron pocket and the hole pockets using the T = conductivity 
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formula given by Ando.^ 

Contrary to the quantum oscillation results, any electron pocket has never been observed 
in angle resolved photoemission spectroscopy (ARPES). In ARPES, an arc-like truncated 
Fermi surface has been observed in the underdoped cupratcs.^'^ So the natural question is: 
How can we understand the ARPES result and the quantum oscillation result consistently? 
In this paper, I propose that both experimental results can be understood in a unified way by 
taking into account the finite-range correlation effect for the antiferromagnetic correlation. As 
for the description of the pseudogap state, the DDW state is assumed. However, there is no 
long-range DDW wave order in the model because the antiferromagnetic correlation length, 
^AF, is assumed to be finite. (In this sense, the state would be similar to the staggered flux 
correlation proposed by Wen and Lee.^^'^^) 

The finite antiferromagnetic correlation length effect on the DDW state is modeled by 
introducing a Lorentzian distribution for the wave vectors describing the antiferromagnetic 
correlation as in Ref.6. In Ref.6, the conventional spin density wave correlation is assumed. 
But here the DDW correlation is assumed because the ratio of the gap with d-wave symmetry 
to the characteristic temperature for the appearance of the correlation^'^ is consistent with the 
scaling relation between the pseudogap and the pseudogap temperature observed in scanning 
tunneling spectroscopy."^^ 

The condition for the appearance of the electron pocket is examined and we discuss the 
effect of finite ^af- The electron pocket appears for moderate DDW correlations.'^ We show 
that the electron pocket disappears for short !;af- As for the quantum oscillations, wc calculate 
the longitudinal resistivity and the Hall coefficient. Firstly, wc study each band contribution 
separately using the finite temperature formula. Then, wc calculate total resistivity and the 
Hall coefficient based on the two band model according to CK.^ We assume the conventional 
Landau levels for the description of the electron pocket while we assume the Landau level 
wave functions for the Dirac fermions for the hole pockets. 

The organization of the paper is as follows. In Sec. 2, we introduce the model and discuss 
the topology of the Fermi surface. The condition is examined for the appearance of the electron 
pocket. We show that the electron pocket feature is smeared out because of the short-range 
correlation effect. In Sec. 3, the longitudinal conductivities are computed for the electron pocket 
and for the hole pocket. The lifetime broadening effect is discussed. The total longitudinal 
resistivity is calculated based on the two band model. Section 4 is devoted to Summary and 
Discussion. 

2. Fermi Arc and Electron Pocket 

Before describing the model to analyze the effect of short-range antiferromagnetic fluctu- 
ations, we describe the mean field Hamiltonian for the DDW state,^^ or orbital antiferromag- 
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netic state. The Hamiltonian for the mean field state is 

^ = 5Z ( ) 



k&RBZ 




(1) 



where Q = (tt, tt) and 



£k = — 2fo (cos kx + cos ky) — 4ti cos kx cos ky 

—2^2 (cos 2A;a; + cos 2ky) . (2) 

The lattice constant, a, is set to be unity except in making comparisons with other length 
scales. The summation with respect to k is taken over the reduced magnetic Brillouin zone 
defined by by \kx — ky\ < tt and \kx + ky\ < tt. The DDW correlations are described by 

Ak = ^ (cos kx - cos ky) . (3) 

The complete analysis of the effect of finite-range fluctuations requires the sclf-cncrgy 
calculation for the Green's function with the number of components being proportional to 
the system size. This is a formidable task. So we introduce several approximations. First of 
all, we take the fluctuations arc quasi-static. Since there is no antifcrromagnctic long-range 
order, the fluctuations should be dynamical. The time scale is given by the inverse of the spin 
wave excitation gap. However, if the doping concentration is low then one can expect that the 
spin wave excitation gap is small. In that case, as pointed out in Rcf.6 the time scale of the 
fluctuations can be long compared to the ARPES experiment time scale and the time scale 
of the cyclotron motion in the strong magnetic field, and such a long time scale behavior of 
antifcrromagnctic domains is observed by neutron scattering experiments in an underdopcd 
high-temperature superconductor.^^ Secondly in order to reduce the number of components 
of the Green's function, we focus on a pair correlation of electrons with the wave numbers k 
and k + q. It is necessary to include at least a pair of these electrons to incorporate the effect 
of coherence factors. From the self-energy calculation in the lowest order with respect to the 
fluctuations, we find the energy dispersion as 



^(.) ^ ej^ + e^ _ ^ ^ ^ (^^^^) ' + (4) 

where q dependence is implicit in . The coupling constant is included through the change 
of the order parameter amplitude, Aq. Anisotropy arising from the fluctuations is approxi- 
mately calculated by taking an average over q whose distribution is given by the Lorentzian 
distribution with being broadening factor of the distribution, 
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(a) (b) (c) 




Fig. 1. (Color online) Spectral intensity at the Fermi energy calculated from eq.(6). The parameters 
are ti/to = —0.25, t2/io = 0.10, and Ao/to = 1. (a)Spectral intensity without the coherence 
factors. (b)Spectral intensity with the coherence factors, (a) and (b) are for the mean field state, 
q = Q. (c)Spectral intensity at ^Ap/a = 5 with a the lattice constant. 



In numerical computations for finite size systems, the normalization factor is rescaled so that 
/(i2qp(q) = 1. 

The spectral function is given by 



with ej^^^ = (^k i Ek+q) /2, and -E'k = y + ^k- '^^^ factors before the delta-functions are 
the coherence factors associated with the DDW correlation. Hereafter the delta-functions in 
the right hand side of eq. (6) are replaced by a Lorentzian function, (T/vr)/ (cj — E^^)'^ -\- T 
in numerical computations, and set T/fg = 0.1. If we neglect the coherence factors, we obtain 
the so-called hole pockets at q = Q as shown in Fig. 1(a) for Ao/to = 1. As pointed out by 
Chakravarty et al.,^^ the weight outside the reduced Brillouin zone is suppressed by including 
the coherence factors as shown in Fig. 1(b). However, there are some deviations from the 
ARPES results around the end points of the arc as pointed out by Norman et al.^^ This 
discrepancy is removed by decreasing as shown in Fig. 1(c). 

For Ao/to — 1, we only see Fermi arcs. However, by decreasing Ao/to electron pocket 
appears. In Fig. 2, the cross section of the energy dispersion at the Fermi energy is shown for 
different values of Ao/to • For small values of Ao/to , the electron pocket is clearly seen around 
(vr, 0). The size of the electron pocket decreases with increasing Ao/to- The condition for the 
appearance of the electron pocket is E^^^ = 4ti — 4t2 — fi + Aq < 0. For j; = 0.10 with 
ti/to = —0.25 and t2/to = 0.10, this condition is satisfied at Ao/to = 0.7 but not satisfied at 
Ao/to = 0.8. 
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Fig. 2. (Color online) The cross section of the energy dispersion at the Fermi energy in a quadrant of 
the Brillouin zone: (a)Ao/to = 0.5, (b)Ao/io = 0.7, and (c)Ao/to ~ 0.8. The hopping parameters 
are the same as those in Fig.l. The thin solid lines around (7r,0) and (0, tt) is associated with 



E^^^ — 0, whereas the thick solid line around {tt/2, 7r/2) is associated with ' = 



(-) 



(a) (b) (c) 




Fig. 3. (Color onhne) Spectral intensity at (a)^AF/a — 2, {h)£^AF/a — 50, and {c)£,AF/a = 100. 
Ao/to = 0.20 for all panels. Coherence factors are turned off to make clear the separation between 
the electron pocket and the hole pocket. 



Although the existence of the electron pocket is consistent with the recent quantum oscil- 
lation observations, such a pocket has never been observed in ARPES measurements so far.^" 
In order to understand this point, the spectral weights for several values of ^af are shown in 
Fig. 3. For short (,af, the electron band merges into Fermi arcs and make a full Fermi surface. 
By increasing ^af, there appears a clear separation between the Fermi arc and the electron 
band. Thus, the electron pocket disappears for short ^af- The qualitative difference of the 
spectral intensity at the Fermi energy on Aq/Iq and ^af/cl plane is summarized in Fig. 4. 

3. Shubnikov-de Haas Oscillation 

Now we discuss the Shubnikov-de Haas oscillation associated with the electron pocket. In 
the experimental observation by Doiron-Leyraud et al.,^ the quantum oscillation is observed 
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Fig. 4. (Color online) Summary of Ao/to and S^af/cl dependence of the spectral weight. For small 
£,af/cl and Ao/^o, the full Fermi surface is seen. For small S^af/ci but large Ao/^o, the Fermi 
surface is truncated, and becomes an arc. For large £,af/o, and small Ao/io, the energy band is 
separated into two bands: One is the hole band and the other is the electron band. The energy 
bands themselves form closed paths at the Fermi energy. For large ^af/o- and large Ao/^Oj there 
is no electron band, and there are some rounded feature around the end points of the arc. 



both in the longitudinal resistivity and the Hall resistivity. First we consider the former and 
next we discuss the latter. In order to include the finite temperature effect, we use the following 
formula for the longitudinal conductivity, 



cr-rx = — / dE 



9 -• (7) 

Here spin degeneracy is included and En = (n + l/2)^c are the Landau level energies. The 
derivation is given in Appendix. In the numerical computations, the summation over Landau 
levels is taken up to n = 200. In this formula, the chemical potential, /i, the constant inelastic 
scattering parameter L, and the effective mass m* are the parameters. 

In the experiment, the period of the magnetic oscillation is estimated to be Ai? = 530T.^ 
This implies that the Fermi surface area is = O.OTGvr^. This value is obtained for the 
electron pocket at Ao/to = 0.442 for the parameters of ti/to = —0.25 and ^2/^0 = 0.10. On 
the other hand, the hole pocket takes Ay^^ = O.lSSvr^. The Luttinger sum rule is satisfied 
because there are two hole pockets and one electron pocket in the reduced Brillouin zone as 
discussed by CK.^ In this parameter set, the chemical potential is /i/to = —0.750. For the 
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Fig. 5. The inverse of a^x for the electron pocket versus magnetic field for different temperatures. 
The left panel is for F = 30K, the middle panel is for F = 40K, and the right panel is for F = 50K. 



electron pocket, the bottom of the band energy is at eJ+J,^ = -1.4to-/U + Ao ~ -0.21to. This 



should be equal to hiOc x •^-B. Assuming m* /m = 2 and A.B = 530T, we find -^(^q) 
and to - 1700K. 

In Fig. 5 the inverse of a^x for the electron pocket is shown. In the experiments, the 
oscillation is observed from B ~ 50T. To reproduce this behavior F should satisfy F < 30K 
as seen in Fig. 5. The characteristic magnetic field above which the oscillation is observed is 
scaled by F. This behavior is understood from the fact that to observe the oscillating behavior 
the separation of the Landau levels is larger than the Landau level broadening. 

Next we consider the contribution from the hole pocket. We describe the holes as Dirac 
particles because the energy dispersion around (7r/2,7r/2) is well described by a relativistic 
form. The necessary parameters for the anisotropic dispersion form discussed in Ref.l6 are 
evaluated from the shape of the hole pocket. Rotating by — 7r/4 about the origin 111 t iiG - ky 
plane, the hole pocket is described by ^^^~^/"^^ — = 1- Here we take the rotated axis as 
kx and ky- The hole pocket is fitted by taking a = 0.1337r and b = 0.347r. The approximate 
energy dispersion is = \J [kx - 

V2Ao, 



-360K 



7r/\/2)" + Cyky. The parameter cx is associated with 



the DDW state through cx = V^^o- Setting Aq = 
(0.347r/0.1337r)cx ^ 2700K. The Landau levels are^^ 



750K, we find cx — HOOK and cy 



sgn(n) 



2eB 



ch 



■a^cxCY\n\, 



(8) 



with n = 0, ±1, ±2, where the lattice constant a is recovered. Substituting above estimated 
values, we obtain 



En ~ 35VnB. 



(9) 



Here B is measured in units of tesla and En is measured in units of kelvin. Prom the value of 
Ahp = O.ISStt^, the oscillation period associated with the hole pocket is 970T from the On- 
sager relation as discussed by CK.^ In order to fit with this oscillation period, the dispersion 
energy is shifted so that the chemical potential for the holes is at fih — HOOK. The formula 
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Fig. 6. The inverse of <t.j..j. for the hole pocket versus magnetic field for different temperatures. The 
left panel is for F = 30K, the middle panel is for F = 40K, and the right panel is for F = 50K. 



for the longitudinal conductivity under the magnetic field is obtained by computing the ma- 
trix elements of the Dirac fermion current operators and taking eq.(9) for En- (For explicit 
derivation and discussions about impurity scattering effect, sec, Rcf.21.) For degeneracy, we 
include valley degeneracy as well as spin degeneracy. In the reduced Brillouin zone, the hole 
pockets around (7r/2, 7r/2) and (—it/2, — vr/2) are equivalent. The same is true to those around 
(7r/2, — 7r/2) and (— 7r/2, 7r/2). However, the hole pockets around (7r/2,7r/2) and (tt/2, —tt/2) 
should be distinguished. Therefore, to incorporate this degeneracy the formula is multiplied 
by the factor of two. The inverse of for the holes is shown in Fig. 6 for different F's. The 
behavior is qualitatively similar to that for the electron pocket. 

Now we move on to the total Hall coefficient. From Fig. 5, we see that F for the electron 
band, Fg, should be less than 30K to observe the quantum oscillation from B ~ 50T. Therefore, 
we fix Fg = 30K in the following analysis. The remaining parameter is F for the hole band, 
F/j. We compute the total Hall coefficient based on the two band formula, 

^ {(^xxf + {^xx}'^ + {(^xxf i^xx)'^ RhRr {Rh + ^h) ^qx 

Kx + CTLf + {<^l:xf{^^xfB^R1, + R'}jf 

assuming axx^s for each band and Rjj = —l/ne\e\c and Rfj = l/n/i|e|c for the Hall coefficients 
of the electron band and the hole band, respectively following CK. Here the particle densities 
are ng = Aep/{2TT^) and = Ahp/ir'^. The difference from CK is that we use the finite 
temperature formula for the computation of the conductivities and take into account the 
Dirac fermion properties of the hole band. Prom the computation of Rh for various F^ we 
find that the behavior of Rh changes largely depending on F^. The total Hall coefficient is 
shown in Fig.7 for F^ = 200K, F^ = 400K, and F;, = lOOOK. For F^ = 200K, \Rh\ decreases 
as increasing B. While for F/j = 400K, \Rh\ shows an oscillating behavior. But the amplitude 
is very small because of the cancellation between the electron pocket contribution and the 
hole pocket contribution. To reproduce the experimental results, F^j should be F/j > lOOOK. 
Therefore, there should be strong scattering in the hole band. Although the origin of such 
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Fig. 7. The total Hall coefRcient versus magnetic field for different temperatures. The scattering 
parameter F/j's are F/j = 200K for the left panel, F/i = 400K for the middle panel, and F/j = lOOOK 
for the right panel. 
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Fig. 8. The total Hall resistance versus magnetic field for different temperatures. The scattering 
parameters are Fe = 30K and F^ = lOOOK. 

a scattering is not clear, if this is the case the oscillation associated with the hole pocket is 
not observable. Because we need unrealistically huge magnetic field to observe the quantum 
oscillations associated with the hole pocket for such large values of F/j. In Figs. 8 and 9, the 
total Hall resistance and the longitudinal resistivity at = lOOOK are shown, respectively. 

Now we discuss the finite ^af effect on the quantum oscillation. The distribution of the 
electron pocket and the hole pocket areas in the wave vector space is computed by taking 
the average over the Lorentz distribution function with respect to q. The same analysis is 
carried out for the hole pocket in the case of the spin density wave state by Harrison et 
al.^ The result is well fitted by the Lorentz function. This Lorentz form suggests that the 
oscillating component amplitude decays rapidly in the low magnetic field as exp {—2tt5Bq/B) 
with 5Bq = 7 X lO^c^^fc/vr^. Here 5Ay; is the half value of width of the Lorentz distribution. 
The Lorentz function fits for the electron pocket and the hole pocket distributions are shown 
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Fig. 9. The total longitudinal resistivity versus magnetic field for difiierent temperatures. The scat- 
tering parameters are Fe = 30K and F^ = lOOOK. 




Fig. 10. Probability distributions of the electron pocket and hole pocket areas Ae and Ah in the wave 
vector space for ^Ap/a = 100, 50, 20, 10, 5. 



in Fig. 10 for different values of ^af/o,. We see that sX B = 60T the oscillation amplitude 
is reduced to 20% at ^af/cl = 100 and 4% at Caf/o- = 50. This analysis suggests that to 
observe the quantum oscillation we need sufficiently long ^AF- This point is first emphasized 
by Harrison et al^ from the analysis of the hole pocket. 

4. Summary and Discussion 

In this paper, we have studied the effect of the short-range antiferromagnetic correlation 
on the short-ranged DDW state. For Ao/to ~ 1) the Fermi surface is arc-like and there is 
no electron pocket. For moderate values of Ao/to, an electron pocket appears. The effect of 
the short-range antiferromagnetic correlation on the electron pocket depends on the value 
of ^af/o- For ^af/cl ~ the electron pocket is smeared out and is combined with the 
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Fermi arc so that the resulting Fermi surface is the full Fermi surface. While for ^af/o ^ Ij 
the electron pocket feature is preserved. We apply this observation to the recent quantum 
oscillation result and the ARPES results. The presence of an electron pocket is suggested 
from the recent quantum oscillation measurements^"^ in high magnetic fields. By contrast, any 
electron pocket has never been observed in ARPES. This apparent contradiction is resolved 
if we assume that in high magnetic fields Ao/to decreases and ^af/o increases. 

As argued by Harrison et al. , long in high magnetic fields is consistent with the neutron 
scattering experiments and (,af can be long at high magnetic fields because of enhancement of 
antiferromagnetic correlations around vortices. However, the magnetic field effect on the value 
of Ao/to is not well understood. As demonstrated by Nguyen and Chakravarty^^ within the 
mean field theory, the magnetic field effect on Aq is negligible. Therefore, to reduce the value 
Ao/^o we need to increase to- From the study of the single hole system by a self-consistent 
Born approximation in the slave- fermion theory of the t- J model, it is believed that the band 
width is strongly renormalized from the bare band width to the order of J, which is consistent 
with the ARPES results in the undoped cuprates.^^ One way to suppress the renormalization 
effect by magnetic field is to include the induced parallel spin configuration effects. If we 
use the susceptibility of the Heisenberg antifcrromagnet at zero temperature,^^ the induced 
hopping amplitude due to the parallel alignment component of neighboring spins is only lOK 
at B = 60T. Although we may expect that this value increases for doped compounds, the 
estimation requires the analysis of the spin disordering effect. Exact diagonalizations of the 
t — t' — t" — J model suggest that to should increase by suppressing frTistration effects. 

In order to examine the effect of scattering and the effect of the short-range antiferro- 
magnetic correlation on the quantum oscillations, we have calculated the longitudinal con- 
ductivities of the electron band and the hole band. The electron band is associated with the 
electron pocket and the hole band is associated with the hole pocket. This splitting of the 
band takes place due to the antiferromagnetic correlations. We describe the Landau levels of 
the electron band as the conventional non-relativistic Landau levels. While we describe the 
hole band Landau levels as the Dirac fermion Landau levels. The parameters of the Dirac 
fermion dispersion are determined from the shape of the hole pocket. We have computed the 
longitudinal conductivity for each band. To observe the quantum oscillations from B ~ SOT, 
the scattering parameter T should be less than 30K. The total Hall coefficient and the lon- 
gitudinal resistivity are computed by the two band formula for the electron band and the 
hole band. It is found that the amplitude of quantum oscillations is rapidly suppressed by 
decreasing ^af- In order to observe quantum oscillations, we need sufficiently long ^af- For 
^Ap/a = 100, the amplitude is reduced to 20% and for ^af/cl = 50, the amplitude is reduced 
to 4%. 

In addition we have found that to fit the experiments we need large F for the hole band. 
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The origin of this strong scattering is not associated with the short-range antiferromagnetic 
correlation effect. From the calculation of the spectral weight we see that there is broaden- 
ing effect associated with the short-range antiferromagnetic correlation effect. However, the 
broadening is stronger for the electron band than for the hole band. Another possibility for the 
suppression of the hole band contribution is the superconductivity correlation and the effect 
of vortices. If the density of states of the hole band is reduced by superconductivity, then 
the hole band contribution is suppressed. In addition, vortices contribute to the longitudinal 
resistivity. This point requires further investigations. 

In a recent experiment, de Haas- van Alphen effect is observed using a magnetic torque 
technique and a new oscillation period is discovered.^'' Podolsky and Kee proposed that the 
ortho-II potential in YBa2Cu307_5 can lead to Fermi pockets one of which is consistent 
with the experiment. However, in the experiment the amplitude is much smaller than that 
associated with the electron pocket. In addition, the effective mass estimated from the newly 
found oscillation is twice as large as the effective mass estimated from the oscillation associated 
with the electron pocket. As for the origin of the new oscillation period, more experimental 
and theoretical studies would be required. 
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Appendix: Derivation of Eq. (7) 

In this appendix, we derive the formula eq.(7). From the Kubo formula, the longitudinal 
conductivity is given by 

a^A^) = — [K{co)-K{0)], (A-1) 

where 

K{u) = -Jf^l dte^^'-'\[Mt), J,]), (A.2) 

with S the area of the system and S being an infinitesimal positive number. Here the current 
operator is 

m ^-^ 

J 

with, pjx the single particle momentum operator in the x-direction. If we neglect the interaction 
between the electrons, the formula is rewritten in terms of the one-body quantum states. 
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Taking the u; — > limit and noting K[0) = ne^/m, the dc conductivity is 

x^{a\5{E-H)pJ{E-H)p^\a). (A-4) 

a 

Here H is the one-body Hamiltonian, a denotes quantum states, and spin degeneracy is 
included. In the absence of the impurity scattering, the delta function part is 

We include the scattering effect by rewriting the right hand side as 

(yE- H -iV ~ E-H + iv) ' ^^'^^ 
Now we include the magnetic field effect. Under strong magnetic field, the single body 
quantum state is quantized into Landau levels. Taking the Landau gauge A = (0,Bx,0), the 
wave function for the n-th Landau level with X the center coordinates is given by 



1 rj f^-^\ f (x-X) 



\2 



4>nx{x) = =Hn — exp —2 , (A- 7) 

where Hn{x) are the Hermite polynomials and £b = ^/ch/eB is the magnetic length. The 
quantum states \a) in eq.(A-4) are now \n,X). In terms of these eigen-states, the matrix 
element of the momentum operator is 

ih 

{n',X'\px\n,X) = —Sx'x 



Substituting this formula into cq.(A-4), we obtain eq. (7). If the impurity scattering effect is 
included in the self-consistent Born approximation, T oc \/B as shown in Ref.9. We do not 
include this effect for simplicity. 
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